The theory of optimal control together with that of transient probe absorption spectroscopy are applied for control and detection of molecular wave packet dynamics in the weak response regime. We obtain a globally optimal pump-dump control field which drives the initial state to the predefined target, focused at the inner-turning point region of the electronic ground state potential. As for the detection, we calculate both the integrated and the dispersed transient pump-dumpprobe absorption signals and adopt the difference detection schemes to reveal the optimally controlled molecular dynamics.
I. INTRODUCTION
There has been an ever increasing interest of using tailored laser pulses to control and monitor chemical reactions. [1] [2] [3] [4] [5] [6] Different schemes for active control of molecular dynamics have been proposed. Among them there are two major approaches, the Brumer-Shapiro's coherent control theory 7 and the optimal control theory ͑OCT͒ originated by Tannor and Rice. 8 A general OCT was developed by Rabitz and co-workers 9, 10 and a little later by Kosloff et al. 11 in terms of wave packet dynamics. The Liouville-space OCT based on density matrix dynamics was developed by Yan and Wilson and their co-workers. 12, 13 In principle, OCT provides a unified tool to the study of various active control schemes. 14 -16 The control of ground state motion, in the sense that it involves multiphoton processes, is directly connected to nonlinear optical spectroscopic methods, like two-photon spectroscopy, 17 coherent anti-Stokes Raman scattering, 18 or in general, four-wave-mixing. 19 Paramonov, Manz, and coworkers have achieved a state-selective control of highlyexcited vibrational levels by short and shaped IR laser pulses. 20 Kosloff and co-workers 21 have been successful in the control of ground surface dynamics using impulsive excitation. Furthermore, Yan and co-workers [22] [23] [24] have formulated the OCT for ground state control via either phaselocked or phase-unlocked pump-dump fields. Recently, we reported a theoretical simulation for a femtosecond pumpdump-probe experiment. 25, 26 Ideally, the design of a control scheme should take into consideration the possibility of experimental realization. In our previous attempt, 27 we combined the theories of optimal control and transient probe absorption spectroscopy to elucidate the molecular dynamics for the pump-dump control and probe of a highly-excited vibrational ground-state wave packet. The target there is localized near the outer-turning point ( outer ) on the ground-state potential. Given there were the frequency-integrated transient signals. In the present work, we shall consider a highly-excited vibrational wave packet focusing targeted at the inner-turning point ( inner ) on the ground surface. The motivation for the choice of this particular target is to reveal the mechanism of optimal control for bond contraction. Moreover, this pump-dump control dynamics will be monitored via both the integrated and the frequency-dispersed transient signals ͑cf. Fig. 1͒ . The remaining part of the paper is organized as follows. We briefly introduce, in the weak response regime, the theoretical formalisms of both the optimal pump-dump control and that of the transient absorption spectroscopy in Sec. II. Our numerical results including a discussion of the optimal pump-dump control and the transient spectroscopy of the induced wave packet dynamics are given in Sec. III. Section IV summarizes and concludes the paper.
II. THEORETICAL BACKGROUND

A. Linear theory of optimal pump-dump control
Let us start with the description of matter-field interaction in a two-electronic-state molecular system. The timedependent Hamiltonian H(t) for a single coherent field in the rotating-wave-approximation ͑RWA͒ has the following form: the form E(t)ϭÊ (t)e Ϫi(⍀Ϫw 00 )t with Ê (t) being the slowly varying complex envelope and ⍀Ϫ 00 the frequency detuning with respect to the reference frequency of the 0-0 electronic g↔e transition. E(t) is the control field to be determined in the control process but is given as an input in a spectroscopic problem.
The goal of control is to find the external field E(t) that can optimally drive the initial state ͉(t 0 )͘ to a desired target ͉͘ at a target time t f . We assume both the initial system ͉(t 0 )͘ and the final target ͉͘ are in pure states. Mathematically, this problem amounts to the functional optimization of the target expectation value, ͉c(t f )͉ 2 ϭ͉͉͗(t f )͉͘ 2 , subject to certain constraints. 24 We simply consider the finite field energy constraint, Iϭ͐ t 0 t f dt͉E(t)͉ 2 , and thus apply the Lagrange multiplier method. Consider the pure state target on the ground surface ͉͘ϭ g ͉g͘ which separates from the initial system ͉(t 0 )͘ϭ͉g͘ ( is a vibrational eigenstate͒ in both coordinate and spectrum. The usual way of achieving this target in the weak response regime is through a twophoton pump-dump process via the intermediate electronic excited surface. In the sense of weak field limit, we can expand c(t f ) to second order, in terms of the control field, and by using the variation principle, we can obtain the following control equation:
24,27
is the Hilbert-space pump-dump control response function.
ϪiH e t/ប is the second-order dipole transition operator, and ͉ g (0) (t)͘ and ͗ g (0) (t;t f )͉ are, respectively, the freely forward-propagated system and backwardpropagated target on the ground surface. Equation ͑2͒ is the optimal pump-dump control equation for a single coherent field in a pure state control process in the weak response regime. The globally optimal field is associated with the largest eigenvalue . Note that the control field from Eq. ͑2͒ may consist of a sequence of phase-locked subpulses. The optimal phase-unlocked pump-dump control theory has also been developed. [22] [23] [24] However, for the target control in this work our numerical results show that there is no apparent difference between phase-locked and phase-unlocked schemes. Thus Eq. ͑2͒ is employed to determine the optimal field in what follows.
B. Transient absorption detection
In this subsection, we shall be interested in the detection of optimally controlled molecular dynamics by measuring the transient absorption of a probe field with varied delay time t T . The probe ͑or test͒ field ⑀ T (t) is expressed as
The response of the medium to the probe field is completely described by the polarization P(t) within the electric dipole approximation. In the weak probe response regime and invoking the RWA, P(t) is of the following form:
27,28
ϫ͓R ϩ ͑ ,tϪ͒ϩR Ϫ *͑,tϪ͔͒.
͑5͒
Here R Ϯ (,t) are the Hilbert-space response functions defined as
The key quantity in the calculation of the probe polarization and the corresponding absorption signals are the response functions R Ϯ (,t). Note that in a pump-dump-probe excitation, R Ϯ (,t) are actually the third-order response functions with respect to the pump-dump ͑second-order͒ and probe ͑first-order͒ excitations, and thus P(t) is also the third-order polarization. In the absence of the pump-dump excitations, R Ϯ (,t) and P(t) are reduced to first-order with respect to the probe excitation. Moreover, we can see from Eq. ͑6͒ that R ϩ contributes to the e←g absorption, while R Ϫ contributes to the stimulated e→g emission signals. These assignments can be used to partition the total absorption signal into different components ͓see Eqs. ͑9͒ and ͑10͒ below͔.
In a transient probe absorption experiment, the total integrated transient signal S(t T ) and the frequency-dispersed absorption signal ␣(,t T ) relate to the polarization P(t) as 19, 27, 29 
Here the frequency-and time-domain functions are related by the Fourier transforms as P͑ ͒ϭ
By inserting Eq. ͑5͒ into Eq. ͑7a͒ and changing the time variable from t to tϩt T ϩ, we obtain the final expression of the total integrated signal, 27 ,28
In the second identity of Eq. ͑9͒, we explicitly partition the total signal as the sum of two contributions. S g (t T ) is the contribution of the ground-state wave packet to the e←g absorption ͑related to R ϩ ), while S e (t T ) is that of the excited state wave packet to the e→g emission ͑related to R Ϫ ). The final expression for the frequency-dispersed absorption signals ␣(,t T ) can be obtained by substituting Eqs. ͑5͒ and ͑8͒ into Eq. ͑7b͒. In the limit of impulsive probe detection, we have
Here, the signal ␣(,t T ) is also separated into the sum of the ground and excited state contributions ␣ g,e (,t T ).
III. APPLICATION TO WAVE PACKET FOCUSING DYNAMICS
A. Optimal control results
In this section, we shall apply the formulations in Sec. II to study the control and detection in a model diatomic I 2 system consisting of two electronic states, the ground-state Xϭ͉g͘ and the excited-state Bϭ͉e͘. The potentials are taken from Ref. 27 . In our calculations, the transition dipole moment is set to a constant of 1 Debye. The initial state of the molecule is the ϭ0 vibrational level in the X state and the ground-state control target is chosen to be a highly-excited vibrational minimum-uncertainty Gaussian wave packet,
Here r and p are the position center and the momentum center of the wave packet, respectively. rr 2 is the variance of the wave packet in position, which relates to the momentum variance pp 2 via the minimum uncertain principle, pp rr ϭប/2. We consider the target localized at rϭ2.34 Å near the inner-turning point ( inner ). Other parameters are p ϭ0 and rr ϭ0.03 Å . The target is a coherent superposition of about 25 levels and has the mean vibration energy of about 7450 cm Ϫ1 , centered around ϭ40. The target time is set to be 300 fs.
The globally optimal pump-dump field is calculated by numerically solving Eq. ͑2͒. The resulting field is shown in Fig. 2 , from which we see that the pump-dump field consists of two separate peaks of near-Gaussian form in both temporal and spectral intensity profiles. The Wigner representation ͑not shown͒ exhibits that the pump pulse is slightly upchirped and the dump pulse is strongly up-chirped. The optimally pump-dump controlled wave packet evolution is shown in Fig. 3 .
Let us first discuss the wave packet picture of the pumpdump excitation process together with Figs. 2 and 3. Wave packets to different orders created in both the electronic ground-and excited-states can be described by nth order density matrix i j (n) (t) with i or j for g ͑ground-state͒ or e ͑excited-state͒. Upon pump excitation, a wave packet called excited-state ''particle'' ee (2) Fig. 3͒. From Fig. 2 , we see that the pump-dump field has decreased to zero at 175 fs, so that an unperturbed timeevolution takes place afterwards. The target is finally reached via the back propagation of this ground-state ''particle'' which is initially created at the region to some distance on the right-hand-side. It is interesting to note the ground state wave packet at 264 fs, which shows the special structure, the ''interference,'' in coordinate space, of the secondary ground-state ''particle'' on its way of return to the innerturning point with the first-order ground state ''hole.'' The secondary ground-state ''particle'' then separates from the first-order ground-state ''hole'' and finally moves to the target region, reaching a good overlap with the target at the predefined target time of 300 fs. The above control mechanism is determined from the global OCT for our system in the weak response regime. To measure the quality of control we calculate the so-called achievement at the target time, defined as 12
A value of A(t f )ϭ0.68 is found for controlling inner . This quantity still shows satisfactory control quality as to the rather steep ground state potential around the location of inner .
B. Detection via probe absorption signals
Let us now discuss the detection of the control dynamics via time-and frequency-resolved spectroscopy. The probe pulse ͓Eq. ͑4͔͒ is chosen as a transform-limited Gaussian form with the temporal width of 35 fs. A center frequency of 29 195 cm Ϫ1 is chosen in order to be in resonance at the Franck-Condon region for the target inner . t T in Eq. ͑4͒ denotes the time delay between the maximum of the probe envelope with respect to the beginning of the control.
We first calculate the integrated absorption signals S(t T ) using Eq. ͑9͒. We adopt two difference detection schemes ͑first-order and second-order͒ proposed in Ref. 27 . To be specific, the first-order difference scheme of the signal is defined as
Here, S (i) (t T ) and S 0 (t T ) are, respectively, the signal calculated with and without the pump-dump control field. The index iϭ p,d,pd stands for the control pulse presence of pump only, dump only, and pump-dump joint, respectively, in the evaluation of the first-order difference signal. In Eq. ͑13͒, the total signal is also partitioned into the contributions from the ground-and excited-state wave packets. The second-order difference scheme is defined as
Here, a similar partition is made into the ground-and excited-state contributions as well. Figure 4 presents the calculated total integrated absorption signals. The upper panel is for the first-order difference scheme using Eq. ͑13͒ with iϭpd and the lower panel for the second-order difference scheme using Eq. ͑14͒. Each panel contains ground-state and excited-state contributions and the total signal. For the first-order signal in the upper panel, we see that the total ''experimentally measured'' signal consists of only the contribution from the ground-state wave packets. This stems from the choice of the probe exci- tation frequency which matches the Franck-Condon transition near the inner-turning point of the ground state. Thus the excited-state wave packet is largely off-resonant to the probe excitation. Moreover, a transition initiating from the groundstate ''hole'' is also nonresonant. In this case, the measured total transient absorption signal shows only the contribution from the ground-state ''particle.'' Thus it is expected that the two difference signals in the upper and lower panels of Fig.  4 are the same except that they have different magnitudes. Note that the signal of the upper panel is negative, as we define the absorption signal to be negative and the emission signal positive.
We next calculate the frequency-dispersed absorption signals using Eq. ͑10͒. Again, the signals are presented in the first-order difference scheme as
and in the second-order difference scheme as
Except for the type of signal to be calculated, all the meanings of Eqs. ͑15͒ and ͑16͒ are similar to those of Eqs. ͑13͒ and ͑14͒. We first discuss the frequency-dispersed absorption signals obtained using the first-order difference scheme, shown in Fig. 5 . Figure 5͑a͒ contains the signals of the ground-state wave packets contributed from both the ground- state ''hole'' and the ground-state ''particle.'' Due to the small populations of ground-state ''particle'' compared to the ground-state ''hole'' in the weak response regime, the signals mainly manifest the ''hole'' dynamics peaked around 19 040 cm Ϫ1 and obscure the ground-state ''particle'' dynamics. The total observed signal ͓Fig. 5͑c͔͒ is the sum of the contributions from the ground-͓Fig. 5͑a͔͒ and excited-state ͓Fig. 5͑b͔͒ wave packets which are somehow ''mixed.'' Apparently, the ground state ''particle'' dynamics cannot be revealed in such a first-order difference scheme. Thus we need to resort to the second-order difference scheme with the calculated frequency-dispersed signals shown in Fig. 6 . All the first-order contributions are removed in the second-order difference scheme. Comparing the signals contributed from the ground-state ''particle'' ͓Fig. 6͑a͔͒, the excited-state ''hole'' ͓Fig. 6͑b͔͒ and the total one ͓Fig. 6͑c͔͒, we see that the total signal reveals the features of the motion of ground-state ''particle.''
IV. SUMMARY AND CONCLUDING REMARKS
We considered the interaction of a diatomic molecule with a weak optimal control field coupling two electronic states. The linear version of optimal control theory for a two-photon process leads to a successful pump-dump control of a highly-excited vibrational wave packet inner focused near the inner-turning point on the ground surface. The numerical results show a dynamic mechanism for inner focusing, in which a ground-state ''particle'' wave packet is first created near the outer-turning point and then moves backwards to the target region. We demonstrate that the combination of control theory with transient absorption spectroscopy can be effectively used to elucidate the dynamics evolution. Using the time-frequency-resolved probe absorption signal as a tool in monitoring the controlled molecular dynamics, we establish a correlation between OCT and the optical spectroscopic method. Thus a complete quantum description of control and detection is provided.
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